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KNOT CABLING AND THE DEGREE OF THE COLORED JONES 

POLYNOMIAL H 

EFSTRATIA KALFAGIANNI AND ANH T. TRAN 


Abstract. We continue onr study of the degree of the colored Jones polynomial under 
knot cabling started in [S]. Under certain hypothesis on this degree, we determine how 
the Jones slopes and the linear term behave under cabling. As an application we verify 
Garoufalidis’ Slope Conjecture and a conjecture of [8] for cables of a two-parameter 
family of closed 3-braids called 2-fusion knots. 
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1. Introduction 

For a knot K C let n{K) denote a tubular neighborhood of K and let Mk '■= 

\ n{K) denote the exterior of K. Let {ft, A) be the canonical meridian-longitude basis 
of Hi{dn{K)). An element a/b € Q U {1/0} is called a boundary slope of K if there is 
a properly embedded essential surface {S,dS) C {MK,dn{K)), such that dS represents 
afi+bX G Hi{dn{K)). Hatcher showed that every knot K C has finitely many boundary 
slopes [6]. We will use bsx to denote the set of boundary slopes of K. 

For a Laurent polynomial f{v) G let d+[f] be the highest degree of / in 

V. For a knot K C S^, Garoufalidis [3] proved that the highest degree of its colored 
Jones polynomial is a quadratic quasi-polynomial. This means that there exist an integer 
Npc > 0 and periodic functions aK{n),bKin), CK{n) such that 

d+[Jx(n)] = aKin)n‘^ + bK{n)n + CK{n) 

for n > Npc- The common period of aKin),bK{n),CK{n) is called the period of K. Let 
d-[JK{n)] denote the lowest degree of JK{n) in v. For a sequence {xn}, let {xn}' denote 
the set of its cluster points. Elements of the set 

jsK ■= {4n“^d+[Jx(n)]}' and js^ := {4n“^d_[Ji^(n)]}' 

are called Jones slopes of K. It is known that JK{n,v) = JK*{n,v~^), where K* is the 
mirror image of K. Thus statements about the lowest degree d-[JK{ti)\, which is equal 
to —d+[Jx*(u)], can be equivalently made. With this in mind we will mostly discuss the 
highest degree in this paper. 
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In [8] we studied the behavior of (i+[Jx(n)] under knot cabling for knots of period at 
most two. In this paper we study knots with period greater than two. 

To state our results, let be a knot with framing 0, and p, q are co-prime integers. The 
{p, g)-cable Kp^g of K is the 0-framed satellite of K with pattern (p, q) torus knot. It is 
known that K^p^g = rKp^g, where ^Kp^g denotes Kp^g with the opposite orientation, and 
that the colored Jones polynomial of a knot is independent of the orientation of the knot. 
Hence in the statements of results below, and throughout the paper, we will assume that 
our cables are non-trivial in the sense that q> 1. 

Theorem 1.1. Let K be a knot such that for n ^ 0 ice have 

d+[JK{n)] = an^ + b{n)n + d{n) 

where a is a constant, b{n) and d{n) are periodic functions with b{n) < 0. Let 
Ml = max{|6(i) — 6(j)| :i=j (mod 2)}, 

M 2 = Ta&yi{2b{i) + \b{i) — b{j)\ + \d{i) — d{j)\ :i^j (mod 2)}. 

Suppose p — (4a — Mi)q <0 or p— (4a + Mi)q > max{0, M 2 }. Then for n S> 0 ice have 

d+[JKp,g{n)] = An^ + B{n)n + D{n) 

where A is a constant, and B{n), D{n) are periodic functions with B{n) < 0. Moreover, 
if jsK C bsK then C bsK^^^. 

Theorem o has applications to two open conjectures about the degree of JK{n). The 
hrst conjecture, formulated by the authors in [8], asserts that the linear part bK{n) is not 
positive and it detects the existence of essential annuli in the knot complement. 

Conjecture 1.2. [8j For every non-trivial knot K C S^, we have 

bK{n) < 0 . 

Moreover, ifbxin) = 0 then K is a composite knot or a cable knot or a torus knot. 

Note that bjjin) = 1/2 for the trivial knot U. It is known that a knot K is composite or 
cable or a torus knot if and only if its complement Mk contains embedded essential annuli 
[3 Lemma V.1.3.4]. Thus the last part of Conjecture 11.21 can alternatively be stated as 
follows: If bxin) = 0, then Mk contains an embedded essential annulus. 

The second conjecture is the Slope Conjecture formulated by Garoufalidis in [3]. 

Conjecture 1.3 (Slope Conjecture). [4] For every knot K <Z we have 

jsK ■■= {4:aKin)} C bsR- 

Conjecture 11.31 is known for the following classes of knots: 

(1) alternating knots, non-alternating knots with up to nine crossings, torus knots, 
the family (—2, 3, 2m 3) of 3-string pretzel knots (by Garoufalidis [3]). 

(2) adequate knots (by Futer, Kalfagianni and Purcell [2]). 

(3) iterated cable knots of H-adequate knots, iterated torus knots, and iterated of all 
non-alternating knots with up to nine crossings that have period two (by Kalfa¬ 
gianni and Tran [8]). 
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(4) a certain 2-parameter family of closed 3-braids, called 2-fusion knots (by Garoufa- 
lidis and Dunfield [T] and Garoufalidis and van der Veen IS]). 

(5) some families of 3-string pretzel knots (by Lee and van der Veen [9|). 

In this paper we will verify Conjecture 11.21 for 2-fusion knots and “most” of their cables. 
For cases (l)-(3) the conjecture was verified in [Hj. Theorem 11.11 implies the following. 

Corollary 1.4. Let K be a knot such that for n ^ 0 we have 

d+[Ji<'(n)] = an^ + b{n)n + d{n) 

where a is a constant, b{n) and d{n) are periodic functions. Let Mi, M 2 be as in the 
statement of Theorem 11.11 If K satisfies Conjectures II. .21 and II., 4 then Kp^g satisfies the 
conjectures provided that p — (4a — Mi)q <0 or p — (4a -|- Mi)q > max{0, M 2 }. 

As an application of Corollary 11.41 we will prove Conjectures 11.21 and 11.31 for cables of 
2-fusion knots. 

We would like to thank Stavros Garoufalidis for helpful correspondence. 


2. Jones slopes of cable knots 


Let Kp^q be the {p, g)-cable of a knot K, where q > 1. For n > 0, let Sn be the set of 
all k such that 


\k\ < (n 


l)/2 and k G 


Z 

Z + 1 


if n is odd, 
if n is even. 


By [in], for n > 0 we have 


(2.1) Jk.Ju) = ^ v-P^('^^+^)jK(2qk + 1), 

kSSn 

where it is understood that JKi—m) = —JK{m). 


Proposition 2.1. Let K be a knot such that for 0 we have 

d+[Jii'(n)] = an^ -|- b{n)n -|- d{n) 

where a is a constant, b{n) and d{n) are periodic functions with b{n) < 0. Let 
Ml = msix{\b{i) — b{j)\ : i = j (mod 2)}, 

M 2 = max{2b{i) + \b{i) — b{j)\ + \d{i) — d{j)\ : i = j (mod 2)}. 

Suppose p — (4a — Mi)q <0 or p— (4a J- Mi)q > maxjO, M 2 }. Then for n S> 0 we have 

d+[JKp,g{n)] = An^ + B{n)n + D{n) 

where A is a constant with A G {q‘^a,pq/4:}, and B{n), D{n) are periodic functions with 
B{n) < 0. 

Proof. Fix n 3> 0. Recall the cabling formula (|2.ip of the colored Jones polynomial 

JKpJn) = ^ v-P^^‘^^+^'>JK{2qk + 1 ). 

k^Sn 

In the above formula, there is a sum. Under the assumption of the proposition, we will 
show that there is a unique term of the sum whose highest degree is strictly greater than 
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those of the other terms. This implies that the highest degree of the sum is exactly equal 
to the highest degree of that unique term. 

For k & Sn let 

f{k) := Ji^(2gA: + 1)] = -pk{qk + 1) + d+[Ji^(|2gfc + 1|)]. 

The goal is to show that f{k) attains its maximum on Sn at a unique k. 

Since (i+[Ji^(n)] is a quadratic quasi-polynomial, f{k) is a piece-wise quadratic poly¬ 
nomial. The above goal will be achieved in 2 steps. In the first step we show that /(fc) 
attains its maximum on each piece at a unique k. Then in the second step we show that 
the maximums of f{k) on all the pieces are distinct. 

Step 1. Let TT be the period of d+[JK{n)]. For e € {±1} and 0 < i < vr, let hf{x) be 
the quadratic real polynomial defined by 

hf (x) := {—pq -I- -|- {—p + 4,qa -|- 2qb{i)£)x + a + b{i)e -b d{i). 

For each k G Sn, we have f{k) = h\'^{k) for a unique pair {£k,ik)- Let 

In •— I ^ £ ‘5,2}. 


Then f{k) is a piece-wise quadratic polynomial of exactly |/„| pieces, each of which is 
associated with a unique pair (e, i) in 
For each (e,z) G In, let 


'Sn,e,i •— {I ^ \ — (^)O} 


which is the set of all k on the piece associated with (e, i). 

The quadratic polynomial hf{x) is concave up if p — 4qa < 0, and concave down if 
p — 4qa > 0. Hence, for n 3> 0, hf{k) is maximized on the set Sn,e,i at a unique k = kn,e,i, 
where 


k 


n,£,i 


mayiSn,e,i if {p - 4ga)e < 0, 
min<Sn,£,j if (p - 4ga)e > 0. 


Note that, as in the proof of [8l Proposition 3.2], we use the assumption that b{i) < 0 
when (p — 4qa)£ > 0. Moreover we have 


{ \kn,e,i\ —>■ oo as n —>■ oo, if p — 4qa < 0 

ifp-4ga>0. 

Step 2. Let 

Max„ := max{/(A:) | k G Sn}- 

From step 1 we have Max„ = max{hf{kn,e,i) I i£,i) € In}- We claim that 

hil{kn,£i,ii) 7^ hj}^{kn,£2,i2) 

for (ei,ii) 7 ^ {£ 2 ,- 12 )- 

Indeed, let ki := kn^e^^i^ and k 2 '-= kn,e 2 ,i 2 - Note that ki ^ k 2 - Moreover, ki and k 2 
are both in Z or ^ Z. As a result we have fci ± ^2 G Z, and H — ^2 = 2q{ki — ^ 2 ) = 0 
(mod 2). Let 


cj := h^I{ki) - h}^{k2)- 
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Without loss of generality, we can assume that |A:i| > \k 2 \- Then we write a = a' + 
d{ii) — d{i 2 ) where 

{ki - k 2 ){{-p + 4ga) {q{ki + /C 2 ) + l) + 2qb{ii)e^ 

^ + ( 6 (ii) - 6 (i 2 ))ei( 2 g'A :2 + 1) if = 62 , 

(j^-p + 4ga)(/ci - k 2 ) + 2b{ii)£i^ {q{ki + ^ 2 ) + l) 

- {b{ii) - b{i2))£ii2qk2 + 1) if ei 7 ^ 62 - 

We consider the following 2 cases. 

Case 1: p — (4a — Mi)q < 0. In particular, we have p — Aqa < 0. There are 2 subcases. 
Subcase 1.1: ei = £ 2 - Since ki and k 2 have the same sign, we have 

\q{ki + /C 2 ) + 1| - | 2 g'A :2 + 1| = 2g(|A:i| - \k 2 \) > 0. 


Hence 

W\ > \{-p + Aqa){q{ki +/C 2 ) + l) + 2 g' 6 (zi)ei| - |( 6 (ii) -b{i 2 )){q{ki + ^ 2 ) + l) | 

> { -p + Aqa- | 6 (zi) - b{i 2 )\)\q{ki + /C 2 ) + 1 | + 2 g 6 (ii). 

Since \q{ki + ^ 2 ) + 1| —00 as n —>■ 00 , and 

—p + Aqa — | 6 (ii) — 6 (^ 2 )! > —p + 4ga — Mi > 0 
we get \a'\ —>■ 00 as n —)■ 00 . 

Subcase 1 . 2 : £i ^ £ 2 - Since ki and k 2 have opposite signs, we have 
{q\ki - /C 2 I + 1 ) - | 2 g'A :2 + 1 | > 2 g(|/ci| - \k 2 \) > 0 . 

Hence 

W\ > |(-p + 4g'a)(A:i - A: 2 )+ 26(ii)ei| - | 6 (ii) - 6 (^ 2 )! (g'|/ci - A: 2 | + 1) 

> [-p + Aqa- q\b{ii) - 6 (^ 2 )!) I^i - ^ 2 ! - | 6 (ii) - 6 (^ 2 )! + 26(ii). 

Since j/ci — A: 2 | —>■ 00 as n —>■ 00 , and 

—p + Aqa — q\b{ii) — 6 (^ 2 )! > —p + ^qa — qMi > 0 , 
we get \a'\ —>■ 00 as n —)■ 00 . 

Case 2: p — (4a + Mi)q > max{0, M 2 }. There are 2 subcases. 

Subcase 2.1: £i = £ 2 . Note that q{ki + /C 2 ) + 1 and £i have the same sign. Moreover, 
both —p + iqa and 2qb{ii) are non-positive. As in subcase 1.1 we have 

W\ > \{-p + Aqa)[q{ki + /C 2 ) + l) + 2 ^ 6 (^ 1)611 - |( 6 (ii) - 6 (^ 2 )) {q{ki + ^ 2 ) + l) | 

= {p- Aqa - | 6 (ii) - 6 (^ 2 )!) \q{ki + k 2 ) + l\- 2qb{ii). 

Since p — 4ga — | 6 (ii) — 6 (z 2 )| > p — 4:qa — Mi > max{0, M 2 }, we get 

Ifj'l > M 2 - 2 g' 6 (zi) > \d{ii) - d{i2)\. 
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Subcase 2.2: ei 7 ^ £ 2 - Note that ki — k 2 and ei have the same sign. Moreover, both 
—p + 4go and 2 qb{ii) are non-positive. As in subcase 1.2 we have 

W\ > \{-p + ^qa){ki-k2) + 2b{ii)ei\-\b{ii)-b{i2)\{q\ki-k2\ + l) 

= [p- Aqa - q\b{ii) - b{i2)\)\ki - k2\ - |6(ii) - 6(^2)! - 2 b{ii). 

Since p — Aqa — q\h{ii) — 6 (^ 2 )! > P — A:qa — qMi > max{0, M 2 }, we get 
\a'\ > M2 - \b{ii) - b{i 2 )\ - 2 b{ii) > \d{ii) - d{i 2 )\. 

In all cases, for n 0 we have \a'\ > \d{ii) — d{i2)\- Hence 

a = a' + d{ii) - d{i 2 ) / 0. 

We have proved that f{k) attains its maximum on Sn at a unique k. More precisely, there 
exists a unique {sn,in) € In such that /if {kn,en,in) — Max^^. 

Equation (11.41) then implies that 

d+[JKp,,{n)] = pq{ri^ - l)/4 

If p — Aqa < 0 then kn,en,in — ^ni'nf2 -|- s^), where Sn is a periodic sequence and 
Sn < —1/2. We have 

d+[JKp,g{n)] = q'^an‘^ + {{-p +Aqa){qsn +en/2) + qb{in))n - pq/A 

-I- {-p + Aqa)sniqsn + £n) + 2qb{in)sn + a + b{in)en + d{in)- 

In this case we have 


B{n) = {-p Aqa){qsn + Sn/2) + qb{in) < 0, 

since qsn + £n/2 < —q/2 -|- 1/2 < 0 and b{in) < 0. 

If p — Aqa > 0 then kn,en,in — ^n, where Sn is a periodic function. We have 

d+l-lKp,g(n)j = pq(n^ - 1)/A +(-p + Aqa)sn(qSn +1)+ 2qb(in)£nSn 

-j- U b{in)£n 4“ dicin')- 
In this case we have B{n) = 0. 

This completes the proof of Proposition 12.11 □ 


Remark 2.2. The proof of Proposition 12.11 can be slightly modihed to give the following. 
Let iL be a knot such that for n ^ 0 we have 

(n)] = a{n)n^ + b{n)n + d{n) 

where a(n), 6(n) and d{n) are periodic functions with b{n) < 0. Let 

um = max{a(n)}, Um = min{a(n)} 


and 


Ml = max{|6(i) — 6(j)| : i = j (mod 2)}, 

M 2 = Tii&yi{2h{i) A-\h{i) — h{j)\ + \d{i) — d{j)\ ■. i = j (mod 2)}. 

(1) Suppose p — (4am — Mi)g < 0. Then for n S> 0 we have 
d+[JKp,^{n)] = A{n)n^ + B{n)n + D{n) 

where A{n), B{n) and D{n) are periodic functions with {A(n)} C {q‘^CL{n)} and B{n) < 0. 
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(2) Suppose {a(n)} has period at most 2 and p — (doM + Mi)q > max{0, M 2 }. Then 
for n ^ 0 we have 

d+[JKp,g{n)] = pqn‘^/4: + 0 ( 1 ). 

We now recall the following result about the behavior of the boundary slopes under 
knot cabling in [ 8 ]. 

Theorem 2.3. [ 8 ] For every knot K C and {p, q) coprime integers we have 

{q^bsK^ipq}) C hsR^^. 

Proposition 12.11 and Theorem 12.31 imply Theorem 11.11 stated in the introduction. 


Example 2.4. Theorem 11.11 applies to the non-alternating knots 820 ; 943)944 (of period 
3) in Section 4 of [4]. 

For K = 820 we have 


d+[JKin)\ = 


2r?j?) — njl — YjtS if n ^ 0 (mod 3) 
2n2/3 - 5n/6 - 1/2 if n = 0 (mod 3). 


Hence satishes Conjectures 11.21 and 11.31 if p — < 0 or p — 3g > 0. 


For K = 943 we have 

d+[JK{n)] = 


8n^/3 — n/2 — 13/6 if n ^ 0 (mod 3) 
8nV3 - 5n/6 - 7/2 if n = 0 (mod 3). 


Hence Kp^q satisfies Conjectures 11.21 and 11.31 if p — ^q < 0 or p — llq > 3 . 
For K = 944 we have 


d+[JK{n)] = 


7n^!& — n — IjQ if n ^ 0 (mod 3) 

7r?— Anj?)— \I2 if n = 0 (mod 3). 


Hence Kp „ satisfies Conjectures 11.21 and 11.31 if p — ^q < 0 or p — 5q > 0. 


3. Two-fusion knots 

The family of 2-fusion knots is a two-parameter family of closed 3-braids denoted by 

{K{mi,m2) I mi,m 2 G Z}. 

For the precise definition and description see mm- 

Note that K{mi,m 2 ) is a torus knot if m 2 G {—1,0}. In fact, iF(mi, 0) = T(2,2mi -|-1) 
and K{mi,—1) = T(2,2mi —3). It is known that K{mi,m 2 ) is hyperbolic if mi ^ {0,1}, 
7 U 2 ^ {—!)0} and (mi,m 2 ) 7 ^ (—1,1). See [S]. Note that K{—1, 1) = T(2,5). 


From now on we consider m 2 ^ {—1,0} only. Let 


11 = {(mi,m 2 ) : m 2 > 1 and mi > 2}, 

1 2 = {(mi,m 2 ) : m 2 > 1 and mi = 1}, 

-^3 = {(mi,m 2 ) : m 2 > 1 and mi < —(m 2 + 1)} 

U{(mi,m 2 ) : m 2 > 1 and — (m 2 + l)/2 > mi > —(m 2 + 1)}, 

Ia = {(mi,m 2 ) : m 2 > 1 and 0 > mi > —{m 2 + l)/2}, 

h = {(mi,m 2 ) : m 2 < —2 and mi < —3m2/2}, 

Iq = {(mi,m 2 ) : m 2 < —2 and mi > —3m2/2}. 


and let Smi,m 2 be the set of coprime pairs {p,q), with q > I, such that 


If (mi, m2) G h, then p - (^Ami + 8m2 + 2 + < 0 or 

p - (dmi + 8 m 2 + 2 + q > 

If {mi, m2) G /2, then p — (9m2 + 6)g > or p — (9m2 + 6)g < 0. 

^ g < 0 or 


If {mi, m 2 ) G Ia, then p — ( 3mi + 9 m 2 + 3 + 

^2 \ 


p 


mi+m 2 +l 

(3mi + 9m2 + 3 + ,, 5 ^) , > + =1^,0). 


If (mi, m 2 ) G h, thenp- 2(2rni+3m2F^+m2+l ^ < 0 or 

2 ( 2 mi+ 3 m 2 ) 2 -(m 2 +l) r2mi+2m2-l , (2mi-6)(m2+l) pi 

P 2mi+2m2-l-^ -8-^ 2mi+2m2-l ’ ' 


Theorem 3.1. Let K = K{mi,m 2 ) he a 2-fusion knot. Then, 

(1) Conjectures \1.2\ and \1.3\ hold for K. 

( 2 ) Coniectures \1.2\ and \1.3\ hold true for {p, q)-cables of the 2-fusion knot iF(mi, m 2 ), 
where {p,q) G Smi,m 2 - 


Due to different conventions and normalizations of the colored Jones polynomial, the 
degree d+[JK{n)] in our paper is different from 5K{n) in [5]. For n > 0 we have 


d+[JK{n)] = SK{n - 1) + (n - l)/2. 

For n G N and fci, A :2 G Z such that 0 < fei < n and |n — 2A:i| < n + 2k2 < n + 2A:i, let 
ki 3 k^ 

Q{n, ki, k2) = -^ — ’ikik2 — k^ — kimi — kfmi — k2m2 — k\m2 — Qkin 

— 3A:2n + 2min + 4m2n — k2m2n — 2n^ + min^ + 2 m 2 n^ 

+ ^ ((1 + 8^1 + 4/c 2 + 8n) min{Zi,/ 2 , ^ 3 } - 3 min{/i, ^ 2 , ^ 3 }^) 


where 


li = 2ki + n 


I 2 = 2ki + k2-\-n 


h = k 2 + 2 n. 
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3.1. The highest degree and the Jones slope. The quantity Q{n,ki,k 2 ) is closely 
related to 5K{n)- According to [5] for the 2-fusion knot K = K{mi,m 2 ), with m 2 ^ 
{—1,0}, we have the following possibilities: 

Case A. mi,m 2 > 1. Then 

5K{n) = Q{n,ki,-ki), 

where 

1 — mi + m 2 + m2n 
2(-l-b mi-b m 2 ) 

and ki is of the integers closest to ci satisfying ki < n/2. 

Case B. mi < 0, m 2 > 1. There are 2 subcases. 

(B-1) (1 -b mi -b m 2 < 0) or (1 -b mi -b m 2 > 0 and 1 -b 2mi -b m 2 < 0). Then 

^K{n) = (5(n,n, 0). 

(B-2) 1 -b mi -b m 2 > 0 and 1 -b 2mi -b m 2 > 0. Then 

^K{n) = Q{n,ki,ki - n), 

where 

1 — mi — m 2 -b (1 + m2)n 
2(1-b mi-b m 2 ) 

and ki is one of the integers closest to C2. 

Case C. m 2 < —2. There are 2 subcases. 

(C-1) mi < —3m2/2. Then 

^K{n) = Q{n,n,n). 

(C-2) mi > —3m2/2. Let 

_ -3/2 -b mi -b m 2 + (1 + m2)n 

1 — 2mi — 2m2 

and let ki be one of the integers closest to C3. Then 

Q{n, ki,ki) if C3 ^ i -b Z 

Q{n,ki,ki) - {c^ + l/2) if C3 € ^-b Z 

We need the following that gives the Jones slopes of 2-fusion knots. 


5K{n) = 


Theorem 3.2. [HIS] The slope conjecture holds for 2-fusion knot K = K{mi, m 2 )- More¬ 
over, we have 


aK{n) = < 


mi+2m2+l + 

if 

(mi,m2) 

G 

h U I2 

1/2 -b 2m2 

if 

(mi,m2) 

€ 

I3, 

3+3mi+9m2 i ”^1 

4 4(l-|-mi+m2) 

if 

(mi, m 2 ) 

€ 

h, 

0 

if 

(mi, m 2 ) 

€ 

h, 

(2mi+3m2)^ 

2(—l+2mi+2m2) 

if 

(mi, m 2 ) 

€ 

h- 
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3.2. Calculating the linear term. 

Theorem 3.3. For the 2-fusion knot K = K{mi,m 2 ), with m 2 ^ {—1,0}, we have 

' 2(-i+l;'iTm2) if {mi, m2) e huh, 

1 + mi if {mi, m2) e h, 

if {mi, m2) G h. 


bK{n) = { 


mi(m2 — 1 ) 


2(l+mi+m2) 

5/2 + mi + 3 m 2 if {mi, m2) ^ h. 


2(!tSi+S) (^1 ,m2)€l6 -l+2mi+2m2 

(_3+2mi)(l+m2) ^ ^ r J -l+(l+m 2 )(n-l) 


and 


-l+(l+-m 2 )(n-l) 


^Z, 


L 2 (-l+ 2 mi+ 2 m 2 ) IJ [mi,m 2 ) ^ iQ and _i^ 2 mi+ 2 m 2 ^ 

In particular we have hK{n) < 0 . Moreover bK{n) = 0 if and only if mi G { 0 , 1 } and 
m2 > 1, or {mi,m2) = (-1,1). 

Proof. As in the previous subsection, there are 3 cases. 

Case A. mi,m2 > 1 . Recall that 

1 — mi + m2 + m 2 n 

Cl = — - -— 

2(-l + mi + m 2 ) 

and ki is one of the integers closest to ci satisfying /ci < §. We have 

dK{n) = Q{n,ki,-ki) = (1 - mi - m2)/ci + (1 - mi + m2 + m2n)A:i 

2 2 ^ 

+ 2min + 4m2n + min + 2m2n “I" ^ 


knl < 1/2 if mi > 2, 

rnG{-l/2,-l} ifmi = l. 


Write ki = Cl + Vn where is a periodic sequence with 
We have 

5K{n) = Q{n,ci +rn,-ci - rn) = Q{n,ci,-ci) + (1 - mi - m 2 )r^ 

and 

Q{n,ci,—ci) = 2min + 4m2n + min^ + 2m2n^ + — +-^— 


n n"^ (1 — mi + m 2 + m 2 n)^ 


1 


mS 


= mi + 2m2 + - + Tw X 

2 4(—1 + mi + m2) 


n 


, ( n , . , 1 , "^ 2(1 - mi +m2) , 


Since (i+[Jii-(n)] = 5K{n — 1) + (n — l)/2 we obtain 


1 


ml 


dMn)] = + + - + 

I 1 (1 “ mi)^ 


n^ + 


4(1 — mi — m 2 ) 

(1 - mi + m2)^ 

4(1 — mi — m 2 ) 
m2(l — mi) 


n 


2(-l + mi + m 2 ) 

+ (1 - mi - m2)r^_i. 
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Case B. mi < 0,1712 > 1- There are 2 subcases. 

(B-1) (1 + mi + m 2 < 0) or (1 + mi + m 2 > 0 and 1 + 2mi + m 2 < 0). Then 


SK{n) = Q{n, n, 0) = ( - + 2m2 ) + ( - + mi + 4m2 ) n. 


d+[JK{n)] = ( 77 + 2 m 2 ) + (1 + mi)n - ( - + m-i + 2 m 2 


Hence 


(B- 2 ) 1 + mi + m2 > 0 and 1 + 2 mi + m2 > 0 . Recall that 

1 — mi — m 2 + (1 + m2)n 
2(1 + mi + m 2 ) 

and ki is one of the integers closest to C2. We have 

dK{n) = Q{n, ki,ki — n) = (—1 — mi — m2)k\ + (1 — mi — m2 + (1 + m2)n)ki 

2 2 ^ 

+ 2min + 5m277 + min + 2m2n 

Write ki = C2 + Vn where is a periodic sequence with jr^l < 1 / 2 . As in Case A we have 
dK{n) = Q{n,C2,C2 - n) + (-1 - mi - m2)r^ 


Q{n,C2,C2 — n) = 2min + 5m2n + mim + 2m2m + — + —— 

/ 3 3mi 9m2 mf \ 2 

= ( T 4- 1 - 1 - 1 - 1 " 777 -r ) ^ 

\4 4 4 4(l + mi+m2)y 


2 n v? (1 — mi — m 2 + (1 + m 2 )n)^ 


4(—1 — mi — m 2 ) 


+ ' 1 + 2mi + 


mi \ (1 — mi — m2)^ 

- n----. 

1 + mi + m 2 J 4(—1 — mi — m 2 ) 


Hence 


_ /3 3mi 9m2 mf \ 2 , mi(m 2 - 1) 

(4|*(»)| - (1 + — + — + 4(1 j « + 2(1 + mi + m 2 )" 

_ (U ) + (-1 - m. - m2)r;. 

\4 4 4 4(l + mi + m2)/ 

Case C. m 2 < —2. There are 2 subcases. 

(C-1) mi < —3m2/2. Then 

dK{n) = Q{n, n, n) = (2 + mi + 3m2)n. 

Hence 

(i+[Jii-(n)] = (5/2 + mi + 3m2)(n - 1). 

(C-2) mi > —3m2/2. Recall that 

_ -3/2 + mi + m 2 + (1 + m2)n 

1 — 2mi — 2m2 
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and let ki be one of the integers closest to C3. We have 

X ( ^jQ(n,ki,ki) ifc3^i+Z 

^ [Q(n,ki,ki) - (c3 + 1/2) if C3 € ^ + Z 

and 


Q(n,ki,ki) = ( 1/2 - mi - m2) kf - (- 3 / 2 -h mi + m2 + (1 + m2)n) ki 

2 2 ^ 

+ 2min + 4m2n + min +2m2n 

Write fci = C3 + where is a periodic sequence with |r„| < 1/2. As in Case A we 
have 

Q(n,ki,ki) = Q(n, €3,03) + (1/2 - mi - m2)r^ 


and 


Q(n, 03,03) = 2min + 4:m2n + min + 2m2n + - + —— 


2 o 2 I ^ (—3/2 + mi + m 2 + (1 + m 2 )n)^ 


y ,1 „ 9m2 

+ ( - + 2mi + + 


Hence 

d+[JK(n)] = 


(2mi + 3m2)^ 

2(—1 + 2mi + 2m2) 
(-3/2 + mi + m2)^ 
4(1/2 — mi — m 2 ) 

(2mi + 3m2)^ 
2(—1 + 2mi + 2m2) 

/1 


4(1/2 — mi — m 2 ) 
—3 + 2mi 


2(—1 + 2mi + 2m2) 


n 


+ 


(-5+2mi)(l+m2) -r -l+(l+m 2 )(n-l) 2 ^ 

2(—l+2mi+2m.2) —l+2mi+2m2 ^ 

y 

11 

(2mi - 5)^ 


(-3+2mi)(l+m2) -r -l+(l+m 2 )(n-l) ^ 

2(-l+2mi+2m2) -l+2mi+2m2 ^ 


+ (1/2 - mi - m2)r„_i. 


This completes the proof of Theorem 13.31 

The proof of Theorem 13.31 implies the following. 

Lemma 3.4. For the 2-fusion knot K = K(mi,m2) we have 


□ 


and 


Ml 


0 

— l+2mi+2m2 


z/(mi,m2) i h, 
if (mi, m2) £ h. 


max{0, M2} 


(l-mi+m2)^ 

4 (mi+m 2 — 1 ) 

if (mi, m2) € h, 

3 m 2/4 

if (mi, m2) € I2, 

0 

if (mi, m2) € I3, 


if (mi, m2) G h, 

0 

if (mi, m2) G h, 


if (mi, m2) G Iq. 
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3.3. Proof of Theorem 13.IL Theorem 13.31 implies that Conjecture 11.21 holds true for 
2-fusion knots: The fact that bxin) < 0 is clear by the statement of Theorem 13.31 This, 
together with Theorem 13.21 proves Theorem 13.II part (1). Moreover, 5i^(n) = 0 if and only 
if mi € {0,1} and m 2 > 1, or (mi,m 2 ) = (—1,1). As noted in [5] we have K{l,m 2 ) = 
K*(0,—m2 — 1). On the other hand, by definition the knot Ar(0,m 2 ) is a torus knot. 
Finally K(—l,l) is the torus knot T(2,5). Thus if bK(n) = 0, and K = K(mi,m 2 ), 
then AT is a torus knot. By combining Theorem ll.il Theorem 13.21 and Lemma 13.41 we get 
Theorem 13.11 part (2). □ 


Example 3.5. Consider the 2-fusion knot K{m, 1), also known as the (—2,3,2m -|- 3)- 
pretzel knot. It is known that K(m, 1) is i?-adequate if m < —2 and is A-adequate if 
m > —1. Moreover K(m, 1) is a torus knot if |m| < 1, and K(—2, 1) is the twist knot 62 
which is an adequate knot. Hence we consider the two cases m > 2 and m < — 3 only. 

Note that K{mi,m 2 ) is the mirror image of Ar(l —mi, — 1 —m 2 ). In particular, K(m, 1) 
is the mirror image of K(1 — m, —2). 

Case 1: m >2. From the proof of Theorem 13.31 we have 


(^)] 


/5 1 

[ - + m + -— 
\2 4m 


-|- 





— mr 


2 

n—1 


where is a periodic sequence with \rn\ < 1 / 2 . 

Hence, by Corollary 11.41 the (p, g)-cable of K(m,l) satisfies Conjectures 11.21 and 11.31 if 

/ 1 \ f 1 \ m 1 

» — 10 -|- 4m -I-( 7<0 or p— 10-|- 4m H-M7>-1-1. 

\ my \ m J A m 

Case 2: m < —3. From the proof of Theorem 13.31 we have 

d+[JK{i-m,- 2 )in)] = ~ ^2m+ 3^ + (m + 3/2)r^_i 


where is a periodic sequence with \rn\ < 1 / 2 , and b{n) = 

Hence, by Corollary 11.41 the (p,q)-cahle of K(1 — m, —2) 
jectures 11.21 and 11.31 if 


i if (2m -|- 3) { n, 

ApSy if ( 2 m+ 3) I n. 
(K{m,l))* satisfies Con- 


p-b ( 10-b 4m -I - ^ - )g<0 or p-b(l0-b4m-| - - — ) 

\ 2m + 3y \ 2m + 3 y 


/m 1 11 \ 

VT 2m-b 3 "s"; ■ 
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